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Abstract:

The problem deals with an unsteady magneto-hydrodynamic natural convective flow of an

incompressible viscous radiative fluid past an exponentially accelerated porous plate

surrounded by a porous medium with suction or injection and heat source. The novelty of the

study is to analyze the impact of different pertinent parameters on the flow due to the presence

of heat source in the energy equation. The existence of suction/injection, radiation and heat

source in the flow enhances the utility of the research as they are essential in nuclear reactors,

thermal and engineering processes etc. The exact solution of the flow equations are obtained

using the Laplace transform technique through Bromwich contour. The nature of the flow

velocity and temperature profiles due to the impact of pertinent flow parameters are presented

graphically. The coefficient of skin friction and rate of heat transfer expressions are obtained

analytically, and numerical results through MATLAB are presented in tabular form for various

parametric values. It is observed that the insertion of a heat source parameter in the energy

equation enhances the velocity of the fluid. The accelerating parameter increases the skin

friction coefficient. Nusselt number increases due to fluid suction, whereas fluid injection tends

to diminish it. Heat source enhances temperature profiles.

Keywords: Bromwich contour, Heat source, Laplace transform technique,

Magnetohydrodynamic (MHD) flow, Suction parameter.

Nomenclature

�: Magnetic field

�: Non-dimensional magnetic field parameter

�': Dimensional permeability of the porous medium

��: Non-dimensional permeability of the porous medium

�: Acceleration due to gravity

��: Thermal Grashof number

�': Dimensional velocity along �'- direction

�: Non-dimensional velocity along �'- direction

�': Dimensional suction velocity along �'- direction
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�0: Characteristic velocity of the plate

�': Dimensional time

�: Non-dimensional time

�': Dimensional plate acceleration parameter

�: Non-dimensional plate acceleration parameter

�∗: Heat absorption coefficient

��: Specific heat of the fluid at constant pressure

�: Mass diffusivity

��: Nusselt number

��: Prandtl number

��: Radiative heat flux

�0: Volumetric rate of heat generation

�: Non-dimensional radiation parameter

�: Non-dimensional heat source parameter

�': Dimensional temperature of the fluid

�: Non-dimensional temperature of the fluid

��
' : Temperature of the plate

�∞
' : Temperature of the fluid at a considerable distance from the plate

Greek Symbols

�: Non-dimensional suction parameter

�: Dynamic viscosity of the fluid

�: Kinematic viscosity of the fluid

�: Density of the fluid

�: Volumetric coefficient of thermal expansion

�: Thermal conductivity of the fluid

�: Electrical conductivity of the fluid

�1: Stefan-Boltzmann constant

�: Skin friction coefficient

DOI: 10.24297/j.cims.2023.1.9

1. Introduction
Magnetohydrodynamic (MHD) flow occurs in the refinement of crude oil, MHD power

generators, aircraft design, the study of plasmas in astrophysics and industrial manufacturing

http://cims-journal.com/index.php/CN/article/view/688
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processes like glass fibre drawing and purification of metals [1]. Fluid flow through porous

mediums is observed in water percolation through the soil, osmosis, filtration of pollutants, and

dyeing of fabrics in textile industries. A detailed description of convection via a porous medium

is given in the book by Nield and Bejan [2]. Many researchers have studied the MHD flow

occurring past porous surfaces. Shawky et al. [3] have investigated the MHD flow of Williamson

nanofluid past an extending porous sheet. Their findings reported an enhanced fluid flow with

permeability parameter. The study of the effect of radiation and chemical reaction on the MHD

flow of Maxwell nanofluid past a porous medium was done by Reddy and Lakshminarayana [4].

Fluid suction is a technique by which the formation of the boundary layer is controlled while

delaying the transition from laminar to turbulent flow. Pattnaik et al. [5] conducted a study of the

impact of thermal radiation on the MHD flow past an exponentially accelerated inclined plate.

The effect of suction was not included in their model. The consequence of plate temperature

and concentration growing at an exponential rate on MHD flow occurring past a permeable

plate in the absence of suction was investigated by Umamaheswar et al. [6]. Paul [7] has

obtained an exact analytical solution of MHD flow, depending on time, with fluid suction

influenced by thermal radiation via Laplace transform technique. The author concluded that the

convective heat transfer rate near the plate got a boost with radiation and suction.

The study of the flow of fluids in the presence of internal heat generation or absorption is

essential as such flows are prevalent in the cooling of nuclear reactors, refrigerators and

endothermic and exothermic chemical reactions. Ajibade et al. [8] obtained a semi-analytical

solution to the problem of MHD flow in the presence of suction/injection and internal heat

generation/absorption. The investigation of the impact of radiation and heat source on the

time-dependent MHD flow through a porous channel was done by Makinde et al. [9]. The

investigation revealed that the heat source gave a boost to the rate of convective heat transfer

at the porous walls. Reddy et al. [10] have studied the impact of heat source and dissipation of

heat on the MHD convective flow occurring along an exponentially stretching sheet. The effect

of heat source on the MHD flow of micropolar fluid was studied by Bejawada et al. [11].

The current research investigates the impact of suction/injection and heat source on the

unsteady magnetohydrodynamic viscous, radiative fluid flowing past an exponentially

accelerated vertical permeable plate enveloped by a porous medium. We have extended the

work of Paul [7] by considering a heat source with suction/blowing. For a more accurate result,

an exact closed-form solution of the governing equations was obtained with the help of the
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Laplace transform technique through Bromwich contour integration manually for unit Prandtl

number. The results are presented graphically through MATLAB, and the variation of skin friction

and Nusselt number with multiple values of the parameters are exhibited via table. A

comparison of the present work with Paul [7] was made in Fig. 12, and the results are in good

agreement with Paul [7].

2. Mathematical Formulation

We have considered a time-dependent magnetohydrodynamic free convective flow along a

vertical plate in the present work. The fluid is incompressible, viscous and radiating. The �'- axis

is considered along the vertical plate and �' - axis is taken transverse to the plate. The model

considers the plate, as well as the medium, to be porous. The flow is two-dimensional, meaning

there is no flow and variation of flow variables along �'- direction. The plate extends along the �'-

direction. It is understood that all the variables of the problem are functions of �' and �' only

except pressure. A transverse magnetic field ��� = (0, �0) having uniform intensity �0 acts parallel

to the �'- axis.

Fig. 1. The model of the problem.

A constant suction operating at the porous plate along �' - direction is considered. In the

beginning, for �' ≤ 0 , both the plate and the surrounding fluid are static with temperature �∞
' .

From time �' = 0 onwards, the motion of the plate occurs in the �'�' - plane with a velocity of

�0exp (�'�') . The temperature of the plate boundary varies linearly with time �' . The induced
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magnetic field effects are neglected due to the low magnetic Reynolds number of the flow

regime [12]. The Ohm’s law for conducting fluids gives us

��� = � ��� � ������ # 1

From Eq. (1), we get the Lorentz force per unit volume of the fluid as

�������������������� = ( − ��0
2�', 0)# 2

Following Schlichting and Gersten [13] and Paul [7], the unsteady governing equations of the

present problem are:

��'

��' = 0# 3

��'

��' + �' ��'

��' = �
�2�'

��'2 + �� �' − �∞
' −

��0
2

�
�' −

�
�' �

'# 4

���
��'

��' + �' ��'

��' = �
�2�'

��'2 −
���

��' + �0 �' − �∞
' # 5

The initial and boundary conditions of the problem are:

�' ≤ 0: �' = 0; �' = �∞
' ��� ��� �'

�' > 0: �' = �0 exp �'�' ; �' = �∞
' + ��

' − �∞
' �0

2�'

�
�� �' = 0

�' > 0: �' → 0; �' → �∞
' �� �' → ∞ (6)

The fluid is assumed to be optically thin, grey, heat-absorbing or heat-emitting ([5,7]). The fluid

scatters no heat. The expression for the local gradient of the radiative heat flux is
���

��' =− 4�∗�1 �∞
'4 − �'4 # 7

with �∗ and �1 being the absorption coefficient and the Stefan-Boltzmann constant, respectively.

�'4 is expressed as a linear function of �' by assuming that the temperature variation �' − �∞
' is

sufficiently small. Omitting the higher-order terms in Taylor’s expansion of �'4 about �∞
' , we

obtain the expression

�'4 = 4�∞
'3�' − 3�∞

'4 # 8

Using Eq. (8) in Eq. (7), the energy equation Eq. (5) is rewritten as

���
��'

��' + �' ��'

��' = �
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��'2 + 16�∗�1�∞
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The non-dimensional variables are defined as follows:
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After non-dimensionalization, the governing equations take the form:
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− �
��
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�2�
��2 + ��� − �� −

�
��

# 11
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��
��

− �
��
��

=
1
��

�2�
��2 −

�
��

� + ��# 12

subject to the non-dimensionalized initial and boundary conditions:

� ≤ 0: � = 0; � = 0 ��� ��� �
� > 0: � = exp �� ; � = � �� � = 0

� > 0: � → 0; � → 0 �� � → ∞ (13)

3. Analytical Method Of Solution

An exact solution of the above system of partial differential equations by Laplace transform

through Bromwich contour has been obtained for unit Prandtl number manually analyzing Paul

and Deka [14] and Deka et al. [15]. Applying the Laplace transform technique to Eqs. (11)–(12)

under the boundary conditions (13), the results for velocity and temperature are:

� =
exp −

�
2

+ � + �1 �

� − �
+

�� exp −
�
2

+ � + �1 �

�1�2 −
�� exp −

�
2

+ � + �2 �

�1�2 # 14

� =
exp −

�
2

+ � + �2 �

�2 # 15

where �, � are the Laplace transforms of �, � respectively, with � > 0 being the Laplace transform

variable. Using the Bromwich contour integration, the inverse Laplace Transform of a function

�(�) is given as

�−1 � � =
1

2�� ��1

exp �� � � ��� # 16

where ��1 is the first Bromwich contour joining the points � − �∞ to � + �∞ with � chosen such

that all the singularities of �(�) lie to the left of ��1 . The occurrence of square root terms as

arguments of the exponential function make it challenging to integrate along ��1 . Thus we use

the quadratic transformation � = �2 to transform into an equivalent contour ��3 defined by

McLachlan [16]. The inverse Laplace Transform of Eqs. (14)–(15) following [16] is given as:

1
2�� ��3
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∓
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�
2

�
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where �, � are constants, and ���� is the complementary error function. Hence, the exact solution

for velocity and temperature equations are:
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Skin friction coefficient

The non-dimensional expression for the skin friction coefficient is

� =−
��
�� �=0

# 21

From Eq. (19), the computed expression of the skin friction coefficient is:

� =
�
2
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1
��
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−
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1
2 �2
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�
�
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Nusselt number

The non-dimensional expression for the Nusselt number can be written as

�� =−
��
�� �=0

# 23

From Eq. (20), the expression for the Nusselt number is derived as:

�� =
��
2

+
1

2 �2
+ � �2 1 − ���� �2� +

�
�

exp − �2� # 24

where � = � + 1 �� , �1 = �2 4 + �, �2 = �2 4 + � − �, �1 = � − � − �.

4. Results And Discussions

In the present analysis, the governing equations of the problem have been solved exactly by

applying the Laplace transform technique for unit Prandtl number. For general Prandtl number
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in the existence of suction, the computation of inverse Laplace transformation becomes too

complicated and difficult to solve for a coupled system of differential equations. The physics of

velocity and temperature are discussed through graphs and are plotted using MATLAB. Tabular

values are obtained for skin friction coefficient and Nusselt number. The default values of the

parameters considered in the computation are �� = 3, � = 0.7, �� = 0.3, � = 6, � = 5, � = 0.6, � =

0.8 and � = 0.9.

Velocity profile

Fig. 2 represents the impact of the Grashof number on the profiles of velocity. It is understood

that enhancing the value of QUOTE �� �� (cooling of the plate) acts as a booster for the velocity

of the fluid as expected. Increasing the Grashof number results in a more significant buoyancy

force, which accelerates the fluid particles and fluid velocity, for which there is an increase in

boundary layer thickness. The reverse effect is observed in the case of �� < 0. The physics behind

(�� < 0) represents heating of the boundary (cooling of the fluid), (�� > 0) signifies cooling of

the boundary (heating of the fluid) and (�� = 0) represents no natural convection current. Thus,

heating and cooling show contradictory buoyancy effects. Fig. 3 displays the impact of the

magnetic parameter QUOTE � , on the velocity profiles. It is discovered that velocity declines

with a higher magnetic field. This is due to the fact that the Lorentz force resists the motion of

the fluid particles for which the velocity profiles decrease. Fig. 4 portrays the impact of the

permeability parameter on the profiles of velocity. It is seen that velocity profiles increase with a

larger value of the permeability parameter. Fig. 5 verifies the degradation of velocity profiles due

to radiation parameter. Because of radiation, additional heat is generated, for which more drag

force is produced. As a result, the fluid velocity decelerates as expected. Fig. 6 defines the

influence of heat source parameter on the profiles of velocity. It reveals that the velocity profiles

enhance with increasing heat source parameter values. Thus, it indicates that the presence of

heat source in the energy equation is favourable to increasing the velocity of the fluid. It is

noticeable because when heat is absorbed, the buoyancy force increases, and the rate of heat

flow increases, for which the velocity of the fluid increases. In contrast, a heat sink acts in the

opposite way towards the development of velocity. The impact of accelerating parameter

QUOTE � � on velocity profiles can be discerned in Fig. 7. There is evidence that the accelerating

parameter enhances fluid velocity, which is evident from the figure and when QUOTE > 1 � > 1,

the velocity attains a steady state. This is the property of the parameter of an exponentially

accelerated vertical plate. Fig. 8 exhibits the impact of suction/injection on the profiles of

velocity. It is seen that for higher values of suction QUOTE (� > 0 (� > 0), the velocity of the fluid
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reduces, whereas the reverse effect is observed in the case of injection ( QUOTE � < 0) � < 0). It

is also observed that the boundary layer thickness is smaller in the case of suction in comparison

to injection.

Fig. 2. The variation of velocity � with ��.
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Fig. 3. The variation of velocity � with

�.

Fig. 4. The variation of velocity � with ��.
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Fig. 5. The variation of velocity � with

�.

Fig. 6. The variation of velocity � with �.
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Fig. 7. The variation of velocity � with �.

Fig. 8. The variation of velocity � with �.
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Fig. 9. The variation of temperature � with

�.

Fig. 10. The variation of temperature � with �.
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Fig. 11. The variation of temperature � with �.

Fig. 12. A comparison of velocity profiles with Paul [7].
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Temperature profile

Fig. 9 represents the effect of the radiation parameter QUOTE � � on the profiles of

temperature. It is clear that the thermal state of the fluid weakens with an escalation of radiation.

This is because in the case of gases QUOTE (�� = 1), (�� = 1), an increased value of QUOTE �, �,

lowers the heat flow as well as fluid temperature. Fig. 10 indicates the influence of heat source

parameter on temperature profiles. It is revealed that the heat source acts as a booster for

profiles of temperature. The reason is that thermal energy, in addition to the kinetic energy of

the fluid, shoots up as a stronger heat source is applied. The temperature falls when a heat sink

is applied to the system. The effect of suction/injection on temperature profiles is presented in

Fig. 11. It is seen that temperature for a higher value of injection QUOTE (� < 0) (� < 0)

increases, whereas the reverse effect is observed in the case of suction QUOTE (� > 0) (� > 0) .

The conclusions obtained here agree with Paul [7], representing a thicker thermal boundary

layer subject to conversion from suction to injection.

Skin friction coefficient and Rate of heat transfer

Table 1 represents the skin friction coefficient and rate of heat transfer for different values of the

pertinent parameters. The coefficient of skin friction gets improved with higher values of �, �, �

and �, while it gets reduced with increasing values of ��, �� and �. The increase in skin friction is

pronounced when the plate is accelerated to a greater extent. This happens because the fluid

viscosity tends to retard the accelerated motion and the skin friction drag increases. A stronger

magnetic field boosts the skin friction coefficient, whereas increased permeability of the

medium declines it. The skin friction decreases with the heat source while it increases with the

heat sink parameter. Fluid suction enhances skin friction, whereas fluid injection tends to

diminish it. It is also observed that injection and internal heat generation diminish the rate of

heat transfer near the plate, and on the other hand, suction, radiation and internal heat

absorption act as a booster to it. The current result agrees well with that of Paul [7].

5. Validation

For validation, a portion of Fig. 6 of Paul [7] is reproduced in Fig. 12. The values of the

parameters are taken as QUOTE �� = 8, � = 1, �� = 0.5, � = 0.8, � = 2, � = 1.2 �� = 8, � = 1, �� =

0.5, � = 0.8, � = 2, � = 1.2 and QUOTE = 0.4 � = 0.4 . Using the same parameter values and for

QUOTE = 0 � = 0, the solution to the present problem is computed. It is evident from Fig. 12 that

when � = 0, our result is in good agreement with Paul [7].
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Table 1. Variation of Skin friction � and Nusselt number �� with ��, �, ��, �, �, � and � at time � =
0.6.

�� � �� � � � � � ��

3 0.7 0.3 6 5 0.8 0.9 3.9590 1.3405

6 0.7 0.3 6 5 0.8 0.9 3.5574 1.3405

-6 0.7 0.3 6 5 0.8 0.9 5.1637 1.3405

3 1.7 0.3 6 5 0.8 0.9 4.3137 1.3405

3 0.7 0.5 6 5 0.8 0.9 3.4317 1.3405

3 0.7 0.3 20 5 0.8 0.9 4.0894 2.7377

3 0.7 0.3 6 6.2 0.8 0.9 3.9339 1.1445

3 0.7 0.3 6 -3 0.8 0.9 4.0534 2.2549

3 0.7 0.3 6 -

12

0.8 0.9 4.1027 2.9471

3 0.7 0.3 6 5 1.2 0.9 5.3192 1.3405

3 0.7 0.3 6 5 0.8 1.4 4.4734 1.5339

3 0.7 0.3 6 5 0.8 -0.4 2.8447 0.9254

3 0.7 0.3 6 5 0.8 -0.9 2.5045 0.8005

6. Conclusion

An unsteady MHD natural convective flow of heat and mass transfer over an exponentially

accelerated infinite vertical porous plate with heat source, radiation, and suction/injection in a

porous medium, has been formulated and resolved analytically by using Laplace transform

technique. The important conclusions are:

The occurrence of a transverse magnetic field causes a resistance to the flow velocity, whereas a

saturated porous medium improves it.

The accelerating parameter expands the velocity profiles of the fluid.

The outcome of heat source (� > 0) as well as convection current due to cooling of the plate

(�� > 0) is to enhance momentum profiles.

Escalation in the radiation parameter reduces the thermal state of the stream.

Fluid suction increases skin friction, whereas heat source decreases it.

The heat transfer rate is boosted by enhancing suction and radiation, whereas the heat source

describes the opposite phenomenon.
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