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Abstract: 

Energy harvesting is extracting energy from ambient sources. Vibration energy harvesting area 

have received attention of many researchers to power wireless sensors and low-power 

electronic devices from smart materials. In this paper, effect of tip mass density, orientation and 

resistance on  cantilever beam bounded with piezoelectric patch is studied. The analytical 

equations of beam is derived using Euler Bernoulli beam assumptions, constitutive equations of 

piezoelectric material and Hamilton’s principle. 
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1. Introduction 

Energy harvesting is scavenging energy from sources available in the surrounding environment
 

[1].Vibration energy  is one of  the source available  freely from machines, human motion having 

low frequency excitation which can be used to meet the demand without depending on 

conventional sources. Restriction in battery capacity to power the devices and life span for 

supplying continuous energy for wireless technologies necessitate for energy harvesting. 

Piezoelectric materials are currently generating a demand and forms the alternate source for the 

creation of lifelong energy harvesters with compact configuration which will be utilized in 

various applications. Research of piezoelectric elements in energy conversion applications 

necessitates a thorough understanding of solid mechanics and geometrical shapes [2]. 

Researchers have focused on analytical and numerical studies of unimorph and bimorph beam 

which forms the basis for the study of energy harvesting due to its compatibility and ease of 

application [3-6]. Study on orientation of harvester for rotational motion by changing the 

distance between the rotating centre and fixed end of beam on one end and tip mass on free 

end [7] and study on configurations of energy harvester for IoT sensor applications in smart 
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cities  [8] is carried by researchers and Comparison of unimorph and bimorph beam with tip 

mass is studied  and authors concluded that,  increase in tip mass increases voltage 

[9].Researchers focused on simulation in COMSOL Multiphysics for beam without considering 

the effect of tip mass  [10] Study on optimal location of piezoelectric patch on the length of slat 

in aircraft applications is studied [11, 12]and piezoelectric harvesters are considered to give 

higher output compared to electrostatic and electromagnetic energy harvesters and device size 

has to be optimized to get maximum output[13]. A less information is available in the literature 

on the study of orientation of the beam with tip mass on free end and base excitation at fixed 

end. The aim of this work is to obtain output by developing the MatLab program for the study of 

orientation of unimorph cantilever beam with tip mass, to get voltage, current and power 

frequency response function and describe its dynamic behaviour by varying tip mass density, 

orientation of beam and resistance for first ,second and third natural frequencies. 

 

2. Methodology 

The Finite element method plays the major role in the complex problem analysis .In vibration 

based energy harvesting, piezoelectric unimorph beam forms the basic structure. The 

formulation of beam with piezoelectric (PZT) layer is considered as shown in Fig.1 

 

Figure 1 .Element with base beam bounded with PZT 

 

The beam with piezoelectric has two degree of freedom at each node, transverse (𝑤) and 

rotational (𝜃) 

 

The displacement function of the beam element is given as 

𝑤(𝑥) = 𝑐0 + 𝑐1𝑥 + 𝑐2𝑥2 + 𝑐3𝑥3                       (1) 

 

Eqn. 1 is the displacement equation with four unknown coefficients. Applying boundary 

conditions at node 1 and 2 of element, the four coefficients in polynomial equation are solved. 

The shape functions are given in equation (2-5) 
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[𝑁] = [𝑁1 𝑁2 𝑁3 𝑁4] 

𝑤ℎ𝑒𝑟𝑒 

[𝑁1] = (1 − 3 (
𝑥

𝐿𝑒

)
2

+ 2 (
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)
3
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)
2

+ (
𝑥
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)
3
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[𝑁3] = (3 (
𝑥

𝐿𝑒

)
2

− 2 (
𝑥

𝐿𝑒
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3
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)
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Strain S(x) is represented by  

𝑆(𝑥) = −𝑧
𝑑2w(x)

𝑑𝑥2
= −𝑧𝐵                                (6) 

𝑊ℎ𝑒𝑟𝑒 𝐵 = [𝐵1 , 𝐵2 , 𝐵3, 𝐵4] 

Differentiating Eq. (2-5) 

𝑑2𝑁1

𝑑𝑥2
=

−6
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2 +

12𝑥
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3 = 𝐵1                                   (7) 

𝑑2𝑁2

𝑑𝑥2
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𝑑2𝑁3

𝑑𝑥2
=

6

𝐿𝑒
2 −

12𝑥

𝐿𝑒
3 = 𝐵3                                  (9) 

𝑑24
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=

−2
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+
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𝐿𝑒
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The electromechanical coupling of a piezoelectric can be demonstrated in two ways. In direct 

piezoelectric effect, an applied mechanical pressure produces a proportional voltage response 

and in converse effect, an applied voltage produces a deformation of the material. 

The direct effect and the converse effect may be modelled as 

 

{𝐷} = [𝑒]𝑇{𝑆} + [𝜀𝑆]{𝐸}                                  (11) 

{𝑇} = [𝑐𝐸]{𝑆} − [𝑒]{𝐸}                                     (12) 

 

The constitutive equation for 1-dimensional form with constant electric field and strain is  

 

{
𝑇1

𝐷3
} = [

𝑐11
𝐸 −𝑒31

𝑒31 𝜀33
𝑠 ] {

𝑆1

𝐸3
}                                  (13) 

 

The base beam and piezoelectric plane stress field equation is given by Eq.14 and 15 

 

𝑇1
(1) = 𝑐11

(1)
𝑆1

(1)
                                                     (14) 

𝑇1
(2) = 𝑐11

(2)
𝑆1

(2)
− 𝑒31𝐸3                                     (15) 
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𝜗(𝑧) =
𝑧−𝑧𝑛+ℎ𝑝

ℎ𝑝
  is the shape function over the interval  𝑧𝑛 − ℎ𝑝 ≤ 𝑧 ≤ 𝑧𝑛 

 

𝑧𝑛 =
𝑐11

(1)
ℎ𝑠

2+𝑐11
(2)

ℎ𝑝
2+2𝑐11

(1)
ℎ𝑠ℎ𝑝

2(𝑐11
(1)

ℎ𝑠+𝑐11
(2)

ℎ𝑝

  = distance from the neutral axis to the top layer of the beam with  

piezoelectric 

𝜑(𝑧) = 𝜗(𝑧)𝑣𝑝   is electrical potential 

 

Ω(𝑧) = first derivative of shape function =
𝑑𝜗(𝑧)

𝑑𝑧
= 1/ℎ𝑝 , 

 

The electric field equation  

 

𝐸3 = − Ω(𝑧)𝑣𝑝                                                          (16) 

 

𝑤ℎ𝑒𝑟𝑒 𝑣𝑝 = 𝑣𝑜𝑙𝑡𝑎𝑔𝑒 

 

Substituting Equation (6) into Equation (14) 

 

𝑇1
(1) = −𝑧𝑐11

(1)
B                                                   (17) 

 

Substituting Equation (6) and (16) into Equation (15) 

 

𝑇1
(2) = −𝑧𝑐11

(2)
B + 𝑒31Ω(z)𝑣𝑝(𝑡)                 (18) 

𝐷3 = −𝑧𝑒31B − 𝜀𝑆
33 Ω(𝑧)𝑣𝑝                         (19) 

 

The electromechanical piezoelectric cantilever energy harvesting is formulated by the 

Hamiltonian principle, 

 

∫ [δ(ƙ − ƥ + ɷ) + δϖ]
t2

t1

dt = 0                       (20)  

 

Representation of equations in matrix form utilizing extended Hamilton’s principle [3] 

 

[
𝑀 0
0 0

] {
𝑤̈
𝑣𝑝̈

} + [
𝐶 0

𝑃𝑠𝑟 𝑃𝐷
] {

𝑤̇
𝑣𝑝̇

} + [
𝐾 𝑃𝑟𝑠

0 0
] {

𝑤
𝑣𝑝

} = {
𝐹
𝑖𝑝

}                               (21) 

 

Element Stiffness Eq.22, mass matrix Eq.23 is given by 
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[𝐾] = ∫ 𝑧2𝑐11
(1)[𝐵𝑇] [𝐵]𝑑𝑣 (1) + ∫ 𝑧2𝑐11

(2)[𝐵𝑇] [𝐵]𝑑𝑣 (2)                       (22) 

[𝑀] = ∫ 𝜌(1)[𝑁𝑇] [𝑁]𝑑𝑣(1) +  ∫ 𝜌(2)[𝑁𝑇] [𝑁]𝑑𝑣(2)                           (23) 

Adding tip mass terms to Eq. (23) 

2𝐼0
𝑡𝑖𝑝

𝑥𝑐[𝑁𝑇]
𝑑[𝑁]

𝑑𝑥
+ 𝐼0

𝑡𝑖𝑝[𝑁𝑇][𝑁] + 𝐼2
𝑡𝑖𝑝 𝑑[𝑁𝑇]

𝑑𝑥

𝑑[𝑁]

𝑑𝑥
                                   (24) 

Offset distance from proof mass centroid [5] is 

 xc =
ρtipbltip

2
htip+ρ(1)bltip

2
hs

2(ρtipbltiphtip+ρ(1)bltiphs)
                      (25) 

Zeroth and second mass moment of inertia [5] is given by  

I0
tip

= ρtipbltiphtip + ρ(1)bltiphs                 (26) 

 

I2
tip

= (ρtipbltiphtip (
ltip

2 + htip
2

12
) + ρtipbltiphtip ( zn − hp +

htip

2
)

2

+ (
ltip

2
)

2

)

+ (ρ(1)bltiphs (
ltip

2 + hs
2

12
)

+ ρ(1)bltiphs (−zn − hp +
hs

2
)

2

(
ltip

2
)

2

)                                                       (27) 

Damping matrix C is given as 

𝐶 = 𝛼𝑀 + 𝛽𝐾                                                          (28) 

Mechanical Force F is given by 

𝐹 = −𝑄𝑤̈𝑏𝑎𝑠𝑒                                                            (29) 

Where 

𝑄 = ∫ 𝜌(1)𝑁𝑇𝑑𝑉(1) + ∫ 𝜌(2)𝑁𝑇𝑑𝑉(2)              (30) 

Adding tip mass terms to Eq. (29) 

−𝐼0
𝑡𝑖𝑝

 𝑥𝑐

𝑑[𝑁𝑇]

𝑑𝑥
− 𝐼0

𝑡𝑖𝑝[𝑁𝑇]                                 (31) 

Electromechanical coupling is given by 

𝑃𝑠𝑟 = − ∫ 𝑧Ω (𝑧)𝑇𝑒31B𝑑𝑉(2)                               (32) 

Capacitance matrix is given by 

𝑃𝐷 = − ∫ Ω (𝑧)𝑇𝜀33Ω(z)𝑑𝑉(2)                         (33) 

Transformation matrix is given by 

T= [cos (θ) 0 0 0; 0 1 0 0; 0 0 cos (θ) 0; 0 0 0 1]  

Formulating the Eq. (21).into global matrix based on electromechanical vector transformation. 

Voltage, current and power frequency response function obtained by direct non-

orthonormalised electromechanical dynamic equation is given by [4] 
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vp

−⍵wbejwt
= [j⍵Cp −

1

Rload

j⍵ΘT ∗ [Ḵ − ⍵2Ṃ + j⍵Ḉ]
−1

Θ]
−1

∗ j⍵ΘT[Ḵ − ⍵2Ṃ + j⍵Ḉ]
−1

Q                                                                   (34) 

i

−ω2wbaseeiωt
=

1

Rload

{[Cpiω + Rl − ӨTiω[−Ṃω2 + Ḉiω + Ḵ]
−1

Θ]
−1

∗ ΘTiω[−Ṃω2 + Ḉiω + Ḵ]
−1

Q}                                                                       (35) 

P

(−ω2wbaseeiωt)2
=

1

Rload

{[Cpiω + Rl − ΘTiω[−Ṃω2 + Ḉiω + Ḵ]
−1

Θ]
−1

∗ ΘTiω[−Ṃω2 + Ḉiω + Ḵ]
−1

Q}
2

                                                                           (36) 

 

The dynamic equations are solved assuming system response is linear under harmonic base 

excitation and beam is excited in transverse direction. The electromechanical piezoelectric 

cantilever energy harvesting beam equations are formulated by the Hamiltonian principle.  

 

 

 

The numerical work of the author [4] is extended to outline the key equations and include the tip 

mass and orientation for the electromechanical dynamic equation. 
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3. Results and Discussion 

3.1 Model of orientated beam bounded with piezoelectric patches and tip mass 

The study on energy harvesting is carried on cantilever beam of length ‘L’.The beam is 

divided into two parts L/2 each. 

 

 

Figure 2 Orientation of Cantilever beam bounded with piezoelectric patches and tip mass at free 

end. 

 

The geometrical and material property of the beam are presented in table 1.Tip mass is 

mounted on extended length of base beam. The length of the piezoelectric patches Lp1 and Lp2
 

is 20 mm each. The angle of orientations ‘θ’ of the beam is 10
0
, 30

0 
and  50

0
. The analysis of 

the beam is carried out using MATLAB program in the frequency range of 0 to 1000 Hz. The 

Cantilever beam of length ‘L’is divided into 50 elements
 

  

 

Table 2 shows that ,as the tip mass density increases first, second and third natural frequency 

decreases. As the orientation of beam increases, first and third natural frequency decreases with 

increase in second natural frequency. 
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Figure 3 Voltage FRF of 10
0
 orientation of beam and tip mass density of 8000kg/m

3
 

 

Figure 3 shows the voltage frequency response function for the beam oriented at 10
0 

orientation 

and tip mass density of 8000kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases voltage increases for first, second and third natural 

frequencies. 

 

 

Figure 4 Current FRF of 10
0
 orientation of beam and tip mass density of 8000kg/m

3
 

 

Figure 4 shows the current frequency response function for the beam oriented at 10
0 

orientation 

and tip mass density of 8000kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases current decreases for first, second and third natural 

frequencies. 
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Figure 5 Power FRF of 10
0
 orientation of beam and tip mass density of 8000kg/m

3
 

 

Figure 5 shows the power frequency response function for the beam oriented at 10
0 

orientation 

and tip mass density of 8000kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases power decreases for first, second frequency and increases 

for third natural frequency. 

 

Figure 6 Voltage FRF for 20
0
 orientation of beam and tip mass density of 8200kg/m

3
 

 

Figure 6 shows the voltage frequency response function for the beam oriented at 20
0 

orientation 

and tip mass density of 8200kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases voltage increases for first, second and third natural 

frequencies. 
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Figure 7 Current FRF for 20
0
 orientation of beam and tip mass density of 8200kg/m

3 

 

Figure 7 shows the current frequency response function for the beam oriented at 20
0 

orientation 

and tip mass density of 8200kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases current decreases for first, second and third natural 

frequencies. 

 

 

Figure 8 Power FRF for 20
0
 orientation of beam and tip mass density of 8200kg/m

3 

 

Figure 8 shows the power frequency response function for the beam oriented at 20
0 

orientation 

and tip mass density of 8200kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases power decreases for first, second frequency and increases 

for third natural frequency 
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Figure 9 Voltage FRF of   30
0
 orientation of beam and tip mass density of 7800 kg/m

3
 

 

Figure 9 shows the voltage frequency response function for the beam oriented at 30
0 

orientation 

and tip mass density of 7800kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases voltage increases for first, second and third natural 

frequencies. 

 

 

Figure 10 Current FRF of   30
0
 orientation of beam and tip mass density of 7800 kg/m

3
 

 

Figure 10 shows the current frequency response function for the beam oriented at 30
0 

orientation and tip mass density of 7800kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From 

the graph it is seen that, as the resistance increases current decreases for first, second and third 

natural frequencies. 
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Figure 11 Power FRF of 30
0
 orientation of beam and tip mass density of 7800 kg/m

3
 

 

Figure 11 shows the power frequency response function for the beam oriented at 30
0 

orientation 

and tip mass density of 7800kg/m
3 

for resistance of 500Ω, 1000 Ω and 1500. From the graph it is 

seen that, as the resistance increases power decreases for first, second frequency and increases 

for third natural frequency. 

 

Figures 3-11 shows the voltage, current and power FRF for 10
0
,20

0
,30

0 
orientation of beam and 

tip mass density of 8000, 8200 and 7800 kg/m
3
. From the observations, it is concluded that as 

 

As density of tip mass increases, 3 natural frequencies decreases with increase in voltage, current 

and power.  

 

As resistance increases, voltage increases and current decreases for first, second and third 

natural frequencies. Power decreases for first and second natural frequencies and increases for 

third natural frequency.  

 

As the angle of orientation of beam increases from 10
0
 to 30

0
, voltage, current and power 

increases. 
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